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UNIVERSITY OF SASKATCHEWAN 



MATHEMATICS 124.3 — Final Examination(April 15, 2000) Solutions 

NO BOOKS, NOTES OR CALCULATORS ALLOWED. 

Show all of your work. No credit will be given for unsubstantiated correct answers. 

(I)(4x2%) Evaluate 

(a) _hm K Solution: lim e~* = = e ° = 1 


(b) limxr* Solution: limxe-* 

A —0 v- _f)- 


= lim - y- =fby L’Hopital’s Rule) 

x-0~ — 


X 



(c) lim x* 




1 
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,,, tanx-smx 

(a) lim- r- 

x—0 X d 

.. . . - 

Solution: Repeatedly using L’Hopital’s Rule, we get: 


1jrn tan x - sinx _ sec 2 x - cosx 
x ~° x 3 x-o 3x 2 


ljTn 2 sec 2 x tanx + sinx = ^ (2 sec 3 x + 1) sinx 
6x 6x 


lim 

x-0 


2 sec 3 x + 1 sinx 
6 x 


= lim 

x-0 


2 sec 3 x + 1 
6 


lim 

x-0 


sinx 

x 



2 + 1 
6 


( 1 ) = 


1 

2 



(2)(3x3%) Find the derivative f'(x) if /(x) = 

rCOSX . .. . 

(a) In (2 + t)dt Solution; Recalling the formula 
d ( f hix) \ 

vLx) kit)dt j = k{h{x » h 'M - Ug(x))g'(x), 

we let k(t) = In (2 + t),g(x) = sinxandh(x) = cos x and have/'(x) = In (2 + cosx)(cosx)'- 
ln (2 + x)(sinx)' = In (2 + cosx)(-sinx) - In (2 + x)(cosx) = 

- sinx In (2 + cosx) - cosx In (2 + x) 
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V 


(b) tanh (in ^+ coth (in ^. [Solution: 




Simplify first: Remembering that tanh x = ~——, and that coth x = — ~ e * we have 

P X 4- P~ X /-I X s>~~X 


tanh (in 


h)- 


1 


v— v / +c °th In- = f- t-j- 

v x > v X) 1 + x z - X 


e x + e~ 

X ~ x J+* l-x 2 l+x : 
x , x + . 



1 - 2x 2 + x 4 + 1 + 2 x 2 + x 4 X 2 1 + x 4 


1+x 2 ' l-x 2 


c x — c~ x 

(1 - X 2 ) 2 -f (1 + X 2 ) 2 
1 -X 4 


1 - a* 


1 - X 4 ’ 


SO 


f'^) - ol 1 -y 4 )(4x 3 ) - (1 + x 4 )(-4x 3 ) „ , l-x 4 + 1+x 4 1 a 

(l-x 4 ) 2 ~ bx “ ~—= 1U 


X 


(1 - X 4 ) 2 


(1 - X 4 ) 2 


(c)sm-'(e-). Solution: Using J- (sin- 1 x) = -=L= an d the Chain 
get: ax v l-x 2 




2xe x 


Rule, we 
9 


1 - e 2x2 


(3)(4%) Use differentials to estimate the value of sin 31°. Solution: If y = sinx, 

1 VSu 

18° 2' 2 180= 2 + 360 


dy = cosxdx, so sin31 c = sin 30° + cos 30°r?r = l + —— =-1- 
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(4)(2x4%;) Evaluate (a) £ esc "Solution: Y esc (-i) = 

.=i Vb ’ 1=1 \ 6 / 

CSC (!«))+esc (=(2>) 




imm 



+ csc (? (3) ) + csc (y (4) ) + csc (y (3) ^ = 


"T-tcc Kf 


—L_ _ 1 . 1 . 1 1 1111 2 2 

sinf sinf sinf sin^ sin ^ \ + & + 1 + £ + | “ 2 + 71 + 1 + 7f + 2 = 


2i -a V3 

5 + 2 ^r 5 + 4 X 


(b)X 4j + 1 + sin 

Solution: X V+i+sm (-j'j = 4 X j+X i+(i+o+(-i)+o)+(i+o+(-n+o)+ 

J 1 J=1 J=1 

• • - + (l + 0+(-l)) =4 55(55 + !) 

6215 


+ 55 + 0 = 2(55) (56) + 55 = 55[112 + 1] = 55(113) = 


2 
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\ Ct'i; t- 


(5)(5%) The interval [0, tt] is partitioned into the intervals 0, 


tt 2tt 
’ |_T’ 3 


and 


r h 


27T 



Evaluate the Riemann sum of fix) = cosx if the tag or evaluation points are —, — and > 

5rr r* 

—. Find the exact value of J cos xdx and compute the error in the approximate value 


given by the Riemann sum. 


Solution: 'R 3 (f) = ^-l cos ^ + cos ^ + cos ~- 

3 L 4 2 6 

(\/2 - V3)tt 
6 

cos xdx = 0, so the error is 
Jo 

(V2 - V3)tt 


TT 


V2 „ v’3 

T °~T 


6 


= -0.16 


(6)(5x2%) Evaluate the following definite integrals: 


(a) 


.3 , 

sin x 


o VI - x 2 


dx Solution: Let u = sin 1 x so that du = 


-r=^dx. Then 

n-x 2 


rX= * sin 1 x , u 2 

dx - udu = — 
x=0 v 1 — x 2 Ju=0 2 


(?) : 


TT 


u=0 


18 
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H- 



rr 

(b) tan 5 x sec 7 xdx 
Jo 

fSQBFRg&l rx=- rx- 1 - 

POJUtipn:^ 

tan 5 xsec' xdx = | (tan 2 xV sec 6 x (secxtanxdx) = 

Jx=0 Jx=0 V ' 

fX.= 2 

J xm0 (l~sec 2 x) sec 6 x (sec x tan xdx) = (letting w = sec x) 

/ 7 \2 . ru=V2 ru=V2 

Li l 1 “ u ) u du = J u=i (l - 2u 2 + u 4 ) w 6 dn = i ( w e _ 2u 6 + u 10 ) du = 

/ (\/2) 7 n (72) 9 (\/2) n ^ /l 7 „1 9 l llN \ 

«-i "l~“ 2 ~ + “H“J"lT- 2 T + TrJ = 

16^ 3272^ /l I l \ (i 4 4\ /I 2 1\ 

l 7 9 11 J ( 7 2 9 + Ilj- 8 ' / 2(7-9 + nj-(7-9 + nJ = 

875f—- — + _ 1=1 , -r 5/-ILt t 8 "i P 47 ^ ^ 

V693 693 693/ V693 693 693J 8V2 V693 V693 J “ ° ggg 


-\^ . 


w 7 0 i / 9 u 11 

t- 2 t + tt 


(c) 


tt n 

sin 2 2 xdx Solution: JJ sin 2 2 xdx = jJ -If*!. 


cos4xdx = 




tt_ 1 / TT 
3 4 2, 


TT V3 
= 6 ~ + 16 
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(d) j) x 2 sin xdx [S olution: Use Integration by Parts: 

let u = x 2 and dv = sin xdx so that du = 2xdx and v = - cosx. Then we have: 



f x=Tr 

Jx=0 


x 2 sin xdx 


- X cosx 


I JT-0 


"1 
l 


udv = uv\* 


rX-TT 

:?-[ 

Jx=0 


vdu = x 2 (- cosx 


c=7T r*=rr 

c=0 Jx=o ^ 


cosx) (2 xdx) = 


+ 2 J _n x cos xdx =(letting U = x and dV = cos xdx) 


-rr 2 cos tt + 2 Udv) = -rr 2 (-l) + 2 ( UV\* X % - VdU ) = 

7T 2 + 2 (x sinx|££ - sin xdx) = rr 2 + 2 (- cosx|J: 0 ") = n 2 + 2 (- 

7T 2 + 4 


-i) - (-D) = 


/, x 3 + a x ^ x Solution: Use Partial Fractions: --- = -*_ — 

Bx + C * 3 + 4x x(x 2 + 4) x 

x 2 + 4 . so we must have 

1 = A(x 2 .+ 4) + x(Bx + C). 

Letting x = 0, we get 1 = A(0 2 + 4) + 0(B(0) + C) or 1 = 4A, so A * 


Letting x = 2i, we get 


1 = A((2i) 2 + 4) + 2i{B{2i) + C), or 
1 = A{-4 + 4) + -4B2 + 2Ci or 


1 = -4JB + 2 Ci so 


B = —— and C = 0. Thus: 
4 


1 

A i Bx + C 

4 , -5^ + 0 

1 1 

x(x 2 + 4) 

x x 2 + 4 

x 1 x 2 + 4 

4x 

r 1 

dx = -dx 

4 Ji x 

i r 2 2x 

dx = 

Ji x 3 + 4x 

8 Ji x 2 + 2 2 


1 x 
4 x 2 + 4’ 


so 


7 
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?H,~S to (* 2 + 2! )lNi to2 4M 2! + 22 )-ln(l 2 + 2 2 )) = 



(7)(4x2%) Evaluate the following indefinite integrals: 


<a) /l U~ dx Solution: \4^dx 


I 


— + —dx 

ATS 


I 


X 5 + x~$dx 


2 

X3 


3 2 1 

xX3 -3x 3 + c 



(b) 1 tel 6 dx Solution: j-^-L- dx 

2x + 4 , f 4 

. x 2 + 4x + 6 * J (x - 2) 2 + (V 2 ) 2 dx = 


2x + 4 + 4 
x 2 + 4x + 6 X 


ln(x 2 + 4x + 6) + 


4 

V2 


arctan 


x + 2 

^r 


+ c 


UJ|rol 












This watermark does not appear in the registered version - http://www.clicktoconvert.com 


(c) 


/ 


dx 


x 2 V4 + x 2 


y ’——■*** 

m. ; ' • " ’ • v" * ^ , 

S.olutipn;£: Use the Trigonometric 


2 sec" 6d6, so that 


C — dx r 

J x 2 V4 + x 2 J 


Substitution x = 2 tan 6, dx = 

•‘-.on 


2 sec 2 


x 2 V4 + 

sec 2 0 


tan 2 0 Vsec 2 0 


(2 tan 0) 2 % /4 + (2 tan#) 2 
sec 2 6 


-w 


sec 2 0 



tan 2 6-J 2 2 (1 + tan 2 0) 


de = 




= 1 f see 6 l r sec# 

4 J tan 2 # sec 6 d 4 J tan 2 “ 




I f cose 1 f cos# 

4 J gg| dU ~ 4 J =( lettin g w = 


# 


sin #) 


1 [ du 1 u~ 1 i 

4 J u 2 ~ 4~ + C= ~4 (sin0) 


+ C = — 


1 


4 sin # 


+ C = — 


tan 0 


+ C = 


yl-t-tan 2 0 


Vl + tan 2 0 
4 tan 0 


+ C = - 


Hf)‘ 

4- 
n 2 


„ \1 + X 

+ c = --- 1 . 

2x 


4 + x 2 


+ c= — 


4x 


+ C 


where we have used the identity sin # = tang 

Vl + tan 2 # 
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(d) J cos 8 x cos 4 xdx (Solutioill-; Adding the basic identities 

cos(a + /?) = cos a cos £ - sin a sin £ and 
cos(a - ft) = cos oc cos ft + sin a sin ft, we get 

cos(a + /?) + cos(a - (3) = 2cos acos£, so 
cos a cos £ = |cos(or + 0 ) + ^ cos(a- £), and thus 

cos 8 x cos 4x = j cos( 8 x + Ax ) + |cos(8x-4x) = \ cos 12x + 5 cos4*. 

Thus we have 

J cos 8x cos 4xdx = | J cos 12 xdx + A J cos 4xdx = | (T sln j 2x ) + 1 (I sin4x ) + 


1 . 1 . 
7^sinl2x + -sin4x + C. 



( 8 )( 2 x 2 %) Evaluate the following improper integrals: 
f 1 2 3 dx 

^ Jo x 2 — x — 2 . Using the Method of Partial Fractions, 

1 __1_ A B 

x 2 -x-2 (x-2)(x+l) ~ x+1 + x^2' ° r 

1 = A(x -2) + B(x + 1 ). 


Substituting x = 2 gives 1 = A(2 - 2) + B(2 + 1 ), so B = 

3 

and substituting x = -1 gives 1 = A(-l -2) +£(-1 + 1), so A = 
Therefore 


1 X 2 - d x . 2 - J 7TT dX + l 732 dx - -|lnl*+ll + iln|x-2| + C= i 


In 


C, so 


x - 2 
x + 1 


+ 


Jo x 2 - x - 2 r- 2 - Jo x 2 - x - 2 r- 2 - 3 

to — 00 


In 


x - 2 
x+1 


= which DIVERGES 




10 
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(b) 


/; 


dx 


(3x + 1)3 -• 


/Solution: 


r, dx -um 

f T dx 

K 1 (3x + l) -2 

Ji (3x+1)3 ^ 

Jl (3x + 1)3 

— um ——-- 

t— oo 3 —2 




(9) Let tR be the region consisting of all 
below the curve y = 10- |x|. 

(a)( 2 %) sketch Solution: 


points which lie above the curve y = 2x 2 AND 


V 




Do NOT evaluate any of the integrals in the following questions 
<b)(l%) Express the area of K as a definite integral. 


Solution: 



(10- \x\) r 2x 2 



(c)(l%) Express the length of the perimeter of K. in terms of definite integrals. 

Solution: 


D 


L = 2 


0 


\ 


a + (-1 ) 2 dx + 2 


0 


1 + (4 x) 2 dx 


11 
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(d)(l%) Express the area of the surface obtained by rotating ‘R about the x-axis as a 
definite integral. 

‘Solution: 


o- 


5 = 


' _ 2 2n (1 ° - U'I)V5 + 2x 2 s[\ + (4x) 2 j dx 


(e)(l/6) Express the volume of the solid obtained by 
definite integral. 


rotating 'R about the x-axis as a 


Solution: 



f 2 

(10 - \x\) 2 - (2 x 2 ) 2 dx 

2 


(f)(2%) Express the volume of the solid obtained by rotating R about the y-axis as a 
definite integral. 


"Solution: "V = 


r 2 

2ttx 

0 


10 — x — 2x 2 J dx 


(g)(3%) Express the centroid of R in terms of definite integrals. 

Solution: c = ( t (1Q ~ 1*1) -2 x 2 ]dx \ \l 2 [(IQ - |x|) 2 - ( 2x 2 ) 2 ] dx \ 
V Jf 2 [(10 - \x\)-2x 2 ]dx ’ \t 2 [(10 - \x\) - 2x 2 ] dx ) 


(10)(2%) Express the area of the surface obtained by rotating the curve x = t 3 , y = t 4 , 
0 < t < 1 about the x-axis as a definite integral. Do NOT evaluate the integral. 

Solution: S = f 2n(t 4 )J(3t 2 ) 2 + (4V) 2 dt = 2 n f 1 f 4 V9f 4 + I6t^dt 
Jo Jo 



12 
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^ Cu ^ )e ^ or roots of the complex number -4 + 4 V 3 i. 
—4 + 4\/3 1 = 8 (cos ^ + i sin y), so the the three roots are: 

2 (cosf + isinf), 2 (cosf + isinf), 2 (cos ^ + tsinif), 




( 12 ) (a)(3%) Sketch the curve whose polar equation is r = ^ r 6, 0 < 6 < tt. 

Solution: 


V 



(b)(2%) Express its length as a definite integral. Do NOT evaluate the integral. 


Solution: 


vr2 + = 
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“ 7 dCn ' led ° n '0.«- vaiues of ,„> a 


' 


X 

/(x) 

0 

1.2 

1 

1.1 

2 

0.9 

3 

0.8 

4 

0.7 

5 

0.8 

6 

1.0 

7 

1.2 

8 

1.5 


Some possibly u 8 „ (Vd facts derlvl , d from ^ tabk . 

The sum at the Wi . , 

/( 0 ) + /( 2 ) + /(<♦)^ 

the sum at the ri,. |. , , . 

/<2> */w +; h “ d “ dp , omts / s 

♦- J(8) = 4.1, and 

the sum at the nt|.. 

"oints is/(l) +/(3) +/(5) +/(7) = 3.9. 


m 


Find the Trapezoidal, Midpoint ai,., 

r 8 . . - ‘impson s Rule estimates using 4 intervals each for 

I F(x)</' Irom 'hc information ,,, '.r. 

/<■•>-' /^)-/(6)) = a 11 , - ,n - Solution:.' We have Ax = 2, so A(/) - 

, If/) 7.6 + 8.215.8 


2 

2(4.1) 


3M./> 
final h. > f 1 1 ' 


• i / (I ) i / (3) 1-/(5) i , 


f <) = 7.6, 2t 4 (/) = 2(/(2) + /(4) + /(6) + /(8)) = 

.7.9 


2 2 

' '1)2(3.9) = 7.8. 


/if /')- 2M A (f 
3 - 


'•9 + 2(7.8) 7.9+ 15.6 23.5 7_ 

3 * 3 - 3 - 'g 
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(14)(396) A function satisfies the differential equation y' = ky. Its graph is also known VW 
tooiigh the point (2,10) and (10,5). Find expressions for y (0) and y (12). V; VRv 

Solution: We know that y = y(0)e kx , where y(0) and k are as yet unknown Us-^WcM 
ing the given data points, we have " - 

10 = y(0)e kl2) or 10 = y(0) (e k ) 2 and 5 = y( 0)e*<“» or 5 = y(0) (^) 10 , so, dividing 
the first equation by the second, we get 

10 _ y(0) (e fc ) 2 „ , lA -s 

5 “ y(0) (e k ) 10 ° r 2 = \ e ) which ^ ves us e = 2 " s - 

Substituting this into the equation 10 = y( 0) (e k ) 2 , we get 10 = y(0) (2 _ s) 2 = y(0)2 - *, 

so y( 0) = 10 (2?) = 10 1/2 . 

This gives a formula for y(t): 
y(t) = 10 \ / 22~s f = 10^22“® 

Thus y(12) = 10V22-T = io(2l)2-l = 10(2-5) = 5V2 




(15)(3%) Find the solution of the differential equation e y y' = which satisfies the 
initial condition y (2) = 0 + y 

'Solution: Separating Variables, we get: 


(1 + y )e y dy = 3 x 2 dx which integrates to ye y = x 3 + C. Using y(2) = 0, we get 
0e° = 2 3 + C, so C = -8. The solution is thus ye y = x 3 - 8. Solving for x, we get 


\Jyey + 8 


x = 
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(16)(3%) A force of ION is required to hold a spring that has been stretched from its 
natural length of 10cm to 90cm. How much work is done in stretching the spring from 
35 cm to 45 cm? vtjfc. 

^ Ol^tlQn:^ We have F = ION' = k( 90 - 10) cm = k(80)cm, so k = = 

The work required to extend the spring from 35 to 45 cm is 


- Q- Q- 

tsTO 
% V 


r (45-10)Cm vt VT / n 

W = / 12-5 x—dx = 12.5— f xdx = 12.5— (— 

J os-ioicm m m J 2 scm m \ 2 


3scm 

25cm 


j 

6 - 25 ^ ((0.35m) 2 ^ (0.25m) 2 ) =6.25^0.06m 2 = 0.375 N • m=—N'Hl 

8 



(17)(5%) A water tank has parallel vertical cross-sections which are parabolas that are 
12 metres high and 4 metres wide at the top. The vertices are at the bottom of the tank. 

t e origin of an xy -coordinate system is placed at the vertex of a cross-section, the 
equation of the parabola is y = 3x~. If the tank is full, what force does the water exert 
against an end of the tank? 


Solution: 

area is J4 = 2 


First find the ^-coordinate of the centroid of the end of the tank The 

7 2 

0 12 ~ 3* dx = 2(12x - X 3 ) Q = 2[ 1 2 (2) - 2 3 ] = 32(square metres). 


The moment 


144x - 9— 


*5 

about the x-axis is M y = [(12) 2 - (3* 2 ) 2 ] dx = 2^ J* [l44 - 9x 4 ] dx = 


= 144(2) - 9= 288|, so y = ^L = = 9 i 

o a 5’ * J4 32 5 


24 

The force is thus J = 9.8(1000)(12-9^)32 = 9800—32(Newtons). 

5 
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(18) (a)(3%) Sketch the graph of the curve x = 2sin2t,y = 2smr 0 < t < 2 tt Label all 
pomts where the tangent is vertical or horizontal. t. u - r - 2rr. Label all 


r 


Solution:^ 


U P 

I all JTJ 

S&S- 



X 4 cos 21: and y - 2 cos I. Vertical tangents occur when x = 0 andy ^ 0, i.e., when 
t = — t - BJL t _ 5Tr j * 4rr 

4 ’ 4 ’ f “ 4 - or at the points (2, v/2), (-2, ^), (-2, -V2), and 


Horizontal tangents occur when y = 0 and x 4 0, i.e., when t = -, and t = — or at 
the points (0,2), and (0,-2). 2 2 


(b)(2%) Fmd a Cartesian equation (an equation in x and y) which has the same graph. 


Solution. 2 - sint = 2 sintcos t = jcost = y±^l - sin 2 1 = ±y^jl - =, 


X I 3J2 J4 - V 2 

2 ■ W 1 - 7 ■ 


-, SO 


x = - y~. Squaring, we get: 

x 2 = y 2 (4 - v 2 ) 















